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1. (a) Apply Green’s theorem to evaluate

7{ yid + zidy
c

where C' is the triangle bounded by z =0,z +y =1,y = 0.
(b) Do this for

j{ Sydz + 2xdy
c

where C' is the boundary of 0 < z < 7,0 < y < sin(x).

Solution. (a) Let M = y? N = 2. Then since C is a piecewise-smooth, simple
closed curve, by Green’s theorem we have that
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(b) Similarly, let M = 3y, N = 2z, then Green’s theorem gives
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2. Let C be a simple closed curve on R? with counterclockwise orientation. Suppose
that the region €2 enclosed by C' is simply connected. Show that

1
Area(Q2) = 5% zdy — ydx.

c
Then use this to find the area of the ellipse
22 P
(o) eR G+ =1y

Solution. By Green’s theorem, we have

%%dey — ydr = %//9(1 — (=1))dzdy = % : 2//ﬂ drdy = Area((2).

Then applying this to the ellipse C, we parameterize C' by
7(t) = (acos(t),bsin(t)), 0<t <27,

Then x = acos(t),dy = beos(t)dt, —y = —bsin(t),dr = —asin(t)dt and using the
formula above we have

1
Area(ellipse) = 5 }{ xdy — ydx
c
1 2w
= 5/ (acos(t)bcos(t) + bsin(t)asin(t))dt
1 027r
= 5/ ab(cos®(t) + sin®(t))dt
0

= 7mab.

<
3. Find the area of the astroid enclosed by 7(t) = cos®(t)i + sin®(t); for 0 < t < 27.

Solution. Let C' be the curve parameterized by 7(¢
lished in the previous problem. We have z = cos®(
sin®(t), dz = —3 cos?(t) sin(t)dt and

). We use the formula estab-
t),dy = 3sin*(t) cos(t)dt,y =

1
Area = — f xdy — ydx
2 Jc
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4. Compute the area of the surface cut from the “nose” of the paraboloid x = 1—y?— 2?

by the yz-plane.
Solution. Writing f(y, z) = 1—y?*— 22, our surface is given by the graph z = f(y, 2)
over the region () that is the region in the yz-plane when z = 0 & 1 = 2 + 22, i.e.

the disk of radius 1 in the yz-plane. Hence, using the formula for the surface area
in Lecture notes 16, we have

Area:// \ JE+ 2+ 1dydz
y2+22<1

= // V(=2y)? + (—22)2 + 1dyd=
y2+22<1
= // VA(Y? + 2?) + ldydz
y2+22§1
2 1
= / / Var? + 1rdrdf
o Jo

switching to polar coordinates 72 = y? + 22 in the last line above. By the change of
variables v = 4r% 4+ 1, du = 8rdr, we have

27 1
Area = / / Var? + 1rdrdf
o Jo

27 5 1
= / / —Vudu
o J1 8
2 u=>5
_ T Lpn

403
- %(5\/5—1).

u=1

<

5. Compute the surface area of the circular torus obtained by rotating the circle C' of
radius r and center (R, 0,0) on the xz-plane around the z-axis. Find a parameteri-
zation of the torus and compute its surface area.

Solution. The circle C is given by (z — R)? 4 2% = r? (where we need 0 < r < R)
and is parameterized by

(rcos(u) + R,0,7rsin(u)) 0 <wu < 2.
Then rotating around the z-axis, we obtain the parameterization of the torus
7(u,v) = ((rcos(u) + R) cos(v), (rcos(u) + R) sin(v), rsin(u))
with

7 = (—rsin(u) cos(v), —rsin(u) sin(v), r cos(u))
7y = (—(rcos(u) + R) sin(v), (r cos(u) + R) cos(v), 0)
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and cross product

i j k
Tu X Ty = —rsin(u) cos(v) —rsin(u) sin(v) ’I“COS(U)
—(rcos(u) + R)sin(v) (rcos(u) + R) cos(v)
_ ( —rsin(u) sin(v) reos(u)| —r sm u) cos(v) rcos(u)
(r cos(u) + R) cos(v) 0 | |—(rcos(u ) sin(v) 0o

+R
’ —rsin(u) COS(’I'}) —rsin(u) sin(v )
—(rcos(u) + R)sin(v) (rcos(u) + R) cos(v

= (—7rcos(u)(r cos(u) + R) cos(v),
— rcos(u)(rcos(u) + R) sin(v), —rsin(u)(r cos(u) + R))

which has length

|7 X 7|l = (rcos(u) + R) \/7’2 cos?(u) cos?(v) + 72 cos?(u) sin?(v) + r2 sin?(u)
= r(rcos(u) + R).

Hence, the surface area is given by

Area = / / (rcos(u) + R)dudv

_/ (r*sin(u )+rRu) dfu

0 u=0

2T
= / 2mr Rdv
0

= 47°rR.



